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Abstract
We study the bending of light in the space-time of black holes in the novel four-dimensional
Einstein-Gauss-Bonnet theory of gravity, recently proposed by Glavan and Lin [26]. Using Rindler-
Ishak method, the effect of Gauss-Bonnet coupling on the bending angle is studied. We show that a
positive Gauss-Bonnet coupling gives a negative contribution to the Schwarzschild-de Sitter deflection
angle, as one would expect.
PACS numbers: 04.50.Kd, 04.70. Bw, 04.80. Cc
1 Introduction
Many efforts have gone into understanding the nature of dark energy as being responsible of accelerated
expansion of the observed universe. As is well known, one of the prime candidates for dark energy is
the cosmological constant Λ [1]–[6]. Study of the effect of cosmological constant on local phenomena
such as null geodesics, time delay of light [7]–[8] and the perihelion precession [9]–[12], has attracted
considerable attention in the last decades. Many authors have investigated the effects of cosmological
constant on the bending of light. Islam was the first to mention that the null geodesic equation in a
spherically symmetric space-time does not involve Λ term and concluded that the cosmological constant
does not affect the bending of light [13]. However, later Rindler and Ishak [14], by considering the
intrinsic properties of the Schwarzschild-de Sitter space-time proposed a new method for calculating the
deflection angle of light. This approach gives a new insight into the effect of cosmological constant on
bending of light and, as they put it, “Λ does contribute to the observed bending of light.” Since the
cosmological constant effectively counteracts gravity, one may intuitively expect that a positive Λ would
diminish the bending of light. Different aspects of the method such as integration of the gravitational
potentials and Fermats principle have been studied in [17]. The studies of light bending in Kerr-de Sitter
and Reissner-Nordstrom-de Sitter space-times, using Rindler-Ishak method, have been carried out in [15]
and [16], respectively. Also the method has been applied to galactic halos, of which an excellent example
is the Mannheim-Kazanas solution of conformal Weyl gravity [18]–[20]. For further information on the
use of Rindler-Ishak method, see [21]–[25].
The low energy limit of string theory contains quadratic and higher-order curvature invariants in
addition to the usual scalar curvature in the Lagrangian. One specific combination of higher-order
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curvature invariants is the Gauss-Bonnet term which is a natural extension of Einsteins general relativity
in a D-dimensional space-time with D − 4 extra dimensions. For D = 4 the Gauss-Bonnet (GB) term is
a topological invariant and does not contribute to the gravitational field equations. However, recently a
novel four-dimensional Einstein-Gauss-Bonnet (EGB) gravity is proposed by Glavan and Lin [26] where,
by re-scaling the coupling constant α→ α
D−4 , and in the limit D → 4, the GB term does contribute to the
gravitational dynamics, thus circumventing the conditions of Lovelocks theorem. The theory preserves
the number of degrees of freedom and avoids the Ostrogradsky instability. Also, in contrast to general
relativity, this theory is free from singularity problems. It should be noted at this point that although in
the framework of semi-classical gravity with conformal anomaly a 4D black hole solution similar to that of
the EGB was initially found in [27], the EGB theory is a classical modified gravity on equal footing with
general relativity. Shortly afterwards, black hole solutions and their extensions to charged and rotating
black holes were studied and carried out in [28] and [29], respectively. In addition, a general study of
solutions in Lovelock gravity has been presented in [30]–[31]. Also, an exact charged black hole solution of
the theory surrounded by clouds of strings was obtained in [32]. The non-static solutions of radiating black
holes as well as the Hayward and bardeen black hole solutions were constructed in [33]–[36], respectively.
Exact spherically symmetric wormhole solutions for an isotropic and anisotropic matter sources, and
thin-shell wormhole solutions are constructed, respectively in [37] and [38]. The authors in [39] have
investigated the structure of relativistic stars in this theory and discussed observational constraints on
the GB coupling α. The study of geodesic motion and the effect of GB coupling on the shadow cast by
black holes in four-dimensional Einstein-Gauss-Bonnet (EGB) gravity have been considered in [40] and
[41]. Also, quasinormal modes of black holes in the framework of EGB gravity have been studied in [42].
In the strong deflection limit, gravitational lensing by static and spherically symmetric black holes of
the theory have been investigated in [43]. The analysis of gravitational instability of asymptotically flat,
de-Sitter and anti-de Sitter black holes in four-dimensional EGB gravity were carried out in [44]. Also,
phase transition and thermodynamical behavior of such black holes have been investigated in [45]–[47].
For other studies on four-dimensional EGB gravity see [48]–[56].
G = R2 − 4RµνRµν +RµνρσRµνρσ , (1)
The purpose of this note is to investigate the problem of light bending in EGB black holes by Rindler-
Ishak method. We investigate possible corrections resulting from GB coupling α on the deflection angle
of light. Conclusions are drawn in section 3.
2 Bending angle in 4D Einstein-Gauss-Bonnet-de Sitter black
hole
Bending of light in the vicinity of compact gravitational objects is one of the most studied problems in
general relativity and was first confirmed by Eddington and Dyson in 1919 [57]. The action of 4D EGB
gravity is given by
S =
1
16πG
∫ √−gd4x [R+ α (R2 − 4RµνRµν +RµνλρRµνλρ)] , (2)
where α is the GB coupling with dimension of length squared. The static and spherically symmetric
solution of the theory is given by [26]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2), (3)
where
f(r) = 1 +
r2
2α
(
1±
√
1 +
8αM
r3
)
, (4)
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and M denotes mass of the black hole. As is mentioned in [26], when α takes negative values there
is no real solution at short radial distances for which r3 < −8αM . However, for positive values of α
there are two branch of solutions. The negative branch asymptotically behaves as Schwarzschild solution
with positive mass sign, whereas the positive branch behaves as Schwarzschild-de Sitter solution with a
negative gravitational mass. Since the universe is in an accelerating expansion phase and the cosmological
constant is the simplest candidate for its explanation, it would be interesting to study bending of light
in the presence of a Λ-term in the theory. In this case the metric function f(r) reads [28]
f(r) = 1 +
r2
2α
(
1±
√
1 +
8αM
r3
+
4αΛ
3
)
, (5)
where the negative branch asymptotically goes to Schwarzschild-de Sitter solution.
Now, let us obtain the deflection angle of light in EGB gravity. The standard approach for calculating
the bending angle is [58]
∆φ = 2|φ(∞)− φ(r0)| − π, (6)
where r0 is the closest distance to the black hole. However, the space-time we consider here is not
asymptotically flat and r → ∞ does not make sense. Therefore, we use Rindler-Ishak method proposed
in [14] to obtain the deflection angle in an asymptotically non-flat space-time. Although the null geodesic
equation for Schwarzschild-de Sitter space-time does not involve a Λ term, Rindler and Ishak have shown
that by considering the effects of cosmological constant on the geometry of space-time one can obtain
the contribution of Λ to the bending angle. Using the Euler-Lagrange equations for null geodesics in
equatorial plan, θ = pi2 , we obtain the following equation
d2u
dφ2
+ u =
3Mu2√
1 + 8αMu3 + 4αΛ3
, (7)
where the variable u is defined as u(φ) = 1
r
. For small α, by expanding the right-hand side of the above
equation to first-order in parameters α and Λ 1, we find
d2u
dφ2
+ u ≈ 3Mu2 − 2MαΛu2 − 12αM2u5. (8)
As one can see, the second term in the above equation involves both the cosmological constant and GB
coupling, that is, in this theory the orbital equation of light contains the cosmological constant in contrast
to Schwarzschild-de Sitter space-time in general relativity. We solve equation (8) using a perturbative
method up to the third order and consider a solution as
u = u0 + δu1 + δu2 + δu3 + · · · , (9)
where u0 =
sinφ
R
is the undeflected straight line path and R is the closest distance to the mass, see figure
1. The corrections δu1, δu2 and δu3 satisfy the following equations
d2(δu1)
dφ2
+ δu1 = 3mu
2
0, (10)
d2(δu2)
dφ2
+ δu2 = 6mu0u1, (11)
d2(δu3)
dφ2
+ δu3 = 6mu0u2 + 3mu
2
1 − 2mαΛu20 − 12αm2u50. (12)
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Figure 1: Light bending in the space-time of a black hole. The one-sided deflection angle is ψ − φ ≡ ǫ.
The figure is taken from [14].
Plugging the solutions of (10)-(12) into equation (9) we obtain
u(φ) =
sinφ
R
+
3M
2R2
(
1 +
1
3
cos 2φ
)
+
3M2
16R3
(− sin 3φ+ 10(π − 2φ) cosφ)
− MαΛ
R2
(
1 +
1
3
cos 2φ
)
+
M2α
32R5
(sin 5φ− 15 sin 3φ− 60(π − 2φ) cosφ)
+
M3
16R4
(195− cos 4φ− 30(π − 2φ) sin 2φ+ 86 cos 2φ) . (13)
Now, following Rindler-Ishak method, we compute angle ψ between photon orbit direction d and direction
of φ =const line, δ, by the invariant formula
cosψ =
gijd
iδj√
gijdidj
√
gijδiδj
, (14)
where gij are the coefficients of the 2-metric on θ =
pi
2 , t = const surface. Substituting d = (dr, dφ) and
δ = (δr, 0) in equation (14) we find
cosψ =
|dr/dφ|√
|dr/dφ|2 + f(r)r2 , (15)
or equivalently
tanψ =
r
√
f(r)
|dr/dφ| . (16)
To obtain the one-sided deflection angle at the point where φ≪ 1 we have
u =
1
r
≈ 2M
R2
(
1 +
φR
2M
+
3M
32R
(10π − 23φ) + M
2
32R2
(280− 60πφ)− 2αΛ
3
+
Mα
46R3
(80φ− 60π)
)
, (17)
and
dr
dφ
= −r
2
R
(
1− 69M
2
16R2
− 15πM
3
4R3
+
5M2α
2R4
)
. (18)
Finally by substituting in equation (16), we find the following expression for the total deflection angle
2ǫ = 2(ψ − φ) ≈
[
4M
R
+
15πM2
4R2
+
177M3
4R3
− ΛR
3
6M
+
25πΛM2
512
− 71RΛM
96
+
5πΛR2
32
]
− α
[
15πM2
4R4
+
9ΛM
4R
+
5πΛ
32
+
R3Λ2
18M
+
5πR2Λ2
96
]
. (19)
1Asymptotically flat and (anti)-de Sitter black holes are stable in EGB gravity for the whole range of valid parameters
when α is negative. They are also stable for sufficiently small values of positive α [44].
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As one can see, the deflection angle is modified by new terms containing the GB coupling and cos-
mological constant. The first term is the standard one for bending of light in a Schwarzschild field. In
addition to the term −ΛR36M representing the Schwarzschild-de Sitter space-time contribution and initially
obtained in [14], the above expression contains the term − 71RΛM96 which is similar to that obtained in [59]
and couples the cosmological constant to mass of the lens and has its origin in higher order corrections.
Also, we obtain a local term 25piΛM
2
512 which does not depend on R. Since all terms in the second bracket
are positive, we find that for a positive α the effects of the GB coupling is to diminish the deflection
angle.
The effect of the cosmological constant on deflection angle at small scales such as the solar system is
expected to be negligible. Therefore, by setting Λ = 0 in equation (19) and keeping the linear term in
the expansion, we find
2ǫ ≃ 4M
R
(
1− 15παM
16R3
)
, (20)
which only gives the corrections of the GB term to the deflection angle. The observational data on
light deflection by the sun, from long baseline radio interferometry [60], gives δφLD = δφ
(GR)
LD (1 +∆LD),
with ∆LD ≤ 0.0002 ± 0.0008, where δφ(GR)LD = 1.7510 arcsec. By assuming that ∆LD is entirely due
to the geometric effects of the GB term, the observational results constrain the coupling constant α as
|α| ≤ 16R3∆LD15piM . Taking for R and M values of the radius and mass of the sun, R⊙ = 6.955× 108m and
M⊙ = 1.989× 1030kg, we obtain the constraint |α| ≤ (1.55± 6.19)× 1019m2. This result is compatible
with that obtained in [61] by solar system measurements on GB gravity.
3 Conclusions
In this paper we have studied the bending of light in the space-time of a four-dimensional EGB-de Sitter
black hole using the method of Rindler and Ishak. We have obtained an expression for the bending angle
which contains the effects of the GB coupling and cosmological constant. We found that for a positive
coupling constant α the effect of GB term is to diminish the bending angle in the novel four-dimensional
EGB gravity even up to third order inM . This is an interesting result in that the GB term as a candidate
for dark energy, counteracts gravity. Also, using the observational data on bending of light by the sun,
we have constrained the value of the GB coupling.
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